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The cross sections for free-flee emission and

free-free absorption were reviewed. The energy

spectrum by free-宕ree em土ss土on 王rom a plasma of

temperature Te is given as well as total emission

rate. Free-free absorption coefficients are also

t

glVen･
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§1. Bremsstrahlung

ヽ

Bremsstrahlung is emitted by a particle accelerated ir_ the

Coulomb field of an 土on. 工t is also called free-free 七ransi七土on.

Several formulae are available in order 七o calculate the

cross section of bremsstrahlung, depending on the energy range

of 七be incident electron and on 七he em土七ted pho七on. We carl

divide the energy of the incident electron into two ranges as

follows:

(i) relativistic region

(2) non-relativistic region

Roughly speaking we can use the Born approximation formula

for the relativistic case, the Sornmerfeld formula for the non-

relativistic case , and classical theory for low energies

(wo < 13･6 Z2ev)･ =nthe tenpature raulge (
～ 10 keV) which is of

current interest in nuclear fusion, the Sommerfeld formula

~
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is suitable rather than the Born approximation. We consider

these caseES in the next sections.

ヱIectron-electron bremsstrahlung in the reユativistic
l

region is in∀esti由ted by由☆畠i et aユt il197B) , aやd total

emission rate isI Shown in §1. =エ=

_(Fig.7-),
Lj

℡be following symbols and units are used;

Eo, E,I

Wo, W,･

l
,･

kv
,･

kTe
.･

CC
('

re ;

me ;

flo, Tl;

EH ;

Z
..

initial and final total energy -of the electron in a

collision (in eV).

initial anLd, -firal king,tic energy of the electron in

a collision (in eV).
O

wavelength of the emitted photon (in A).

energy of the emitted photon (in eV).

electron temperature (in eV).

fine structt?re constant 1/137. 043.

classical electron radius 2.82 × 10~13cm.

electron mass 9.1l x 10-28rg･

F n =

Z(cH/Wi/:sommerfeld nund3er no =Z(E耳/Wo)
i/2~･･`

ioni2:ation energy of hydrogen atom

nuclear charge

I. Cross SL?Ction

13.6 eV.

(i) Relativistic case

丘㌔

iJ
I-

-L E{

For noく< 1 and n << 1, the Born approximation gives a
●

▲ ⊥ 二_

gqod result. The cross sections at relativistic energies are
■

Li
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reviewed by Rock and M占tz (19~59)
:and
we~立占fe主to this paper for
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more detail about the differential and integrated cross

sections.
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From the革ethe-He主tler. for耶Ia. the ener野differential

cross section dcf is written as

加-4紬迅f'Eo･E'e kv

-2.34
×

101之7z2警f'E.,
E'

V

cm2 ● (1)

Function f(Eo, E) depends on the value of ち which characterj･zes

the screening effect and

∈ ≡ 王00 (

Eo E Zl
7T
) ≡

5･ll x lO7kv

(EoE Zl/3)

6.3 × 1011

EoE^Zl/･q

where 入isーthe wavelength cf the photon. ･1･ne SCreening effect

by electrons of an ion (atom) is effective for the case of

ex七re血e- relativis七i･c and low energies. The Coulomb

correction bece)meg effective for Z > 20 (rbl% for Z = 92, e.g.

Hayakawa･1969) in the case of no screening,I whereas it is

neg･1igible in the~1aSe Of complete screening.

(a) no screening∈>>1 (Eo･ E′ kv >･>5 ×105 ev)

f'Eo･ E'-

[l･竜}2一言(乾'‖1n'
･

[l''%'2-

2EoE

kv㌔c2

喜'%'…n'
[l･

I;'2-i'%'"n'

=喜】
EoE

2.56 ×105年v
EoE入

3.17 x 109

ト音】

己ユE!F

がin eq･(i) can be replaced･ by (Z2 +- ze) in this ease′

wher-e Ze is the number of electrons per ion･

-

3 -

(2)



I

(b) =ritermediate screening I ･(15 > ち > 2)

f'Eo･ E'- [l･

'乾'2一言';',【ln(■

EoE

2･56 × 105kv

【1･軒一言軒【1n(-3.

1
卜言-C'L∈)】

一喜一c(訓･
(3)

-)一 言- C(ち)】.
3.17 × 10?

･ The values of e托) are
-,given ⊥in

Fig.i..

(c) =ntermedia.ヒe screening == (∈ < 2)

f(Eo′ E'-

(1+軒}【

(a) Complete screening ほ
= 0)

f(Eo･ E'-

【l･'%'2一号'%''1n'i5t3Z'1/3'i喜乾･
(5'

Gould (1969) has calculated -i(Eo, E)
for-the hye･rQ91印at印三i

七he heliumi ioni and the helium atom, arid the -ギeSuT主t_.s
are- Shqvn

in VL)i.2 ofzC羊OSS Sections for Atomic process (1976).

The spectral cross section-for Pまatint)粒･ (Z = 73) is shown

in Fig.3 as an example (Roch and Motz, 1959).

(2) Non-relativistic case

The cross s;ection is usua;lly expre-畠sed by mean畠of the Gaunt

factor: gff and the classical
-crQSS芦eCtion

doclass glVen by
こ

Ⅹramers (1923) ∫

dG =~

c-10cl畠ss g-ff

･--てz言吋甲声d之
16甘

巧弔-=z声-3
､′ i て弓∈ぎ :｣

-ー 41~-
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･
dkv

- l･43 x

10-Z‥嘉.gf-_,一茸･
(6)

The free-free Gaunt factor i.c in geTleral a function of electron

tlnergY
_阜n卓photcn

energy･

(a) Born approximation

The Born approximation is valid for high erlergY incideh七

electrons (llo " 1, n << i) and for the low energy spectrum･

The following formula is knovn as the Born formulal and is

!uitable only for the long-wavelength limit and the range of

0.33 < n く 0.22.

n+flo

gff一票In市有･
(b) Sornmerfeld formula

sornmerfeld (1939) derived an exact quarltum mechanical

expression in terms
･of the

hypergeometric function using the

non-1relativistic dipole approximation and neglecting the

recoil一ーOf tわe -ion.

乃甘Ⅹ(a/dx川F(ino'in'1;Ⅹ)t2)
gff

=

(e2TTTlo - i)(.i -

e2TTn)

(7)

(8)

where

x--4non/(n-no)2 ,

and F(ilo, ill, i:x) is the hypergeometric function･ This

formula is not suitable for the relativistic case, since higher

order multipole raすiation
i:亘not considered.

℡he expression of eq. (8) is exact bu七difficult 七o evaluate

because of the hypergeometric function. Brussaard and

Van de Hulst (1962) collect many approximations that

二
5
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permit the rapid calculation o_-i n甲er*al
fe如1ts. with an

accuracy of one percent.

Karzas and Iiatter (19t5i).caiculふted tnum'iricilly

the extact values of gff from eq･ (8) for aふider上qnge of

incident electron energy l'^To and the emitted ptiOtQn. -energy
kv･

ー
il

Those are shown in Fig.4.

(c) Born一三Iwert formula

From eq･ (8) EIwert derived a formul畠which is'fairly

accurate over th占whole range of the electron and phot(うn energies,
●

9ff ニュIn -=三In去式(竜Tr

乃. n+no,n i-e-2叩o

1 -

e
-2∬¶

) . (9)

This formula has an accuracy within 1% for O･03 < n.o
< 0･22･

(a)A classical theory

The classical rE2Sult is valid only for low electro.n,-erlergleS
●

no>>-1･･

The Gaunt factor is expressed by the impact parameter

method as follows

gff一票In
(4花hW.3/2/r ze2mel/2kv) for kv << To

一塁In
(0･6O8 Wo3/2 / z･kv)

甘

-雫I-n'主･91x10-≡w.:/2主/Z)
,

-

-

-(10)

書
i

r,

.

I

I,7亨!

where r =

eY
= i.781 ･･･with y = 0.577 (Euler.s consta.nt).

for kv>>To ･

l
･
･

t
,

.~1 L

I
.
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when ions are fully iわnized, the Sommerfel,I- formula (8)

can be used for low energies. EIwert L(1948)~ showed that

the clissical formula (10) can be obtained from this formula

●

for low electron energies.

(e) Screening effect

The results mc!ntioned in (a), (b)′ (c) an卓 (a) are

solutions for a point charge Z, and screening effects by

elec七rons 土n an 土on are neglected.

For fully ior!Lized ions. the effective charge Zeff is equal

to the nuclear Charge Z, but generally it is complicated for

other ions and atoms. Screening effects for ions and atoms

are not yet well studied. (a.g. Guggenberger (1957),

･
Hettner (1958))･ The value of Zeff depends on the photon

=

energleS and changes from the net charge Z. = Z - Z for
l e

low phbton energle芦tO the nucl岳ar charge Z at high pho七on
■

●

energleSー.

Near the high
-energy cut-off, the contribution frfom the

mihimum i唾act paranet'er Thin is domiriant･ and Pmin is roughly

O

equal to the de BLrOglie wavelength h/･mev.- 12･26/呼野A
(weinstock 1942)･ So we ･can eonsideir･that ZLeff - Z if

the de Broglie wavelength is smaller than the radius of K-

she11, and Zeff
= Z - 2 if the de Broglie wavelength is between

, I

-the
i-shell and the R-shelll -etC.

=エ･t

;TeTW.eギatur-e
aVeraged早peCtr叫.for a班a買Weユ1ian gasl

. I

.
.

.
ヽ

The energy spectrum by free-free emission- from electrons

which haveE -:a Maxw-ell壬~an distribution `can be written -畠邑

- 7 -



dP = N N.
e 1 I:f(Ⅴ) dovkvdv

where f(Ⅴ) is Maxw早Ilian distribution function f(Ⅴ)dv -

m _ ,_
m岳Ⅴ:2
ヽ-

)3/2v2 e一罰訂dv′ Ni and Ne are ion a-nd electron
e

(ll)

4TT(
e

2TTrk聖二
e

density respectively. The spectrum is

dP
=

dP

dk ･k
V V

25e67T

3巧me2c3h
Jule

9.53×10-ll

(詮'1/2z孟ff
NeNi gff'u, Y2'e-kv'kTe dkv

∴

kv (kTe)

Or

dP 1.89×10-21

where gff(u, Y2)

gff(u, Y2)

1/2 ･eNi･Z孟ffgff(u, Y2)e-kv/kTe

photons(cm3s･ec keV)-1. (12)

12400
+I

NeNiZ孟ffgff(u･ Y2)e~ kT ^
e erg(cm2sec Å)~1

is the temperature averaged Gaunt factor

e7-Ⅹ gff dx (Ⅹ2 -
z孟ffRy/kTe)

･ (13)

=二=]

gff is a function of u
- kv/kTe and y2

≡

z孟ffRy/kTe･and their

values are calculated nunerically by Kar2:aS and Latter (1961).
■

They are shown in Fig.5. Simple approximated analytic

=二二

expressions for gff derived from the results by Karzas and

@
Latters (1961) are given in Table =. For the case of Born

approximation, starting from eq. (7) , we find

｢=

9ff
7r

一号

¶

ノ言

k･v

e 2k℡e

6200

K.

'盆'e

e入･kTe Ko(

where Ko is the modified Bessel function･ This function can

be approximated as

Eo(kv/2kTe)
=

1n(4kTe/kv) - 0･577 for kv ''kT ･

e

- 8 -

(14)



Ko(kv/2kTe)
- (町/2)1/2 e-kv/2kTe (kv/2kTe)-1/2 for kv >> kTe･

l

(15)

But formula (14) is not suitable for large values of y2 (kTe

< 136 z孟ff-eV)･

工工王. Total emission rate

The energy generation rite from a plasma is obtained by

integrating eq. (12)r over all photon energieps.

u

-J活dkv｡

■

(1) Relativistic (k℡e >> 5 × 105 ev) case

蔓rf
32

U =
-一丁

(2)

NiNeZ2αre2c･kTe(2･28 × 1･41 1n (kTe/mec2)) (16)

= 3･35 x 10-28 (1n kT
-

11･51)kTe NiNeZ2 erg(cm3sec)-1･
･e

Won-relativestic (kTe << 5 × 105ev) case

u - 1･53 × 10-25(kTe)1/2<gff(,2), NiNeZ呈fferg(cm3sec)-1

(17)

where <gff(Y2,,

-･†;due~u壱ff(u･
Y2, ･

The values of <gff(Y2)> are shown in Fig･6 <gff(Y2)> takes

the value between 1.15 and 1.45 for the 七emperature range Of

kT '13･6
×103z孟ff

eV･
e

(3) Elec七ron-Electron bremsstrahlun9

The tot畠I emission rate for e-e bremsstrahlung in

the relativistic plasma is shown in Fig.7 (Rawai et a1 1978)･

- 9 -



§2. Free-Free absorption

Free-free absorption is the inverse process of brem苧S阜rahlung'

that is. an electron absorbs a pho七on and makes a transition
F

to a higher state instead of to a lower state.卓hi畠prdcess

=

is ddminant for the ab芦Orpt主or1 0f pho七ons of erlergle;S Sm早ller

●

than the photoioni2:ation threshold,叩d is 1甲p9r阜ar?i for low

energy photons for the objects like thermal radio sources.

工. Cross section

℡he cross section for absorption of a pboton hv by an

electron of the energy Wi, Which makes a transition to energy

IWf
= W･ + kv in the Coulomb field, is related to the
l

bremsstrahlung cross section o (see §1, I, Wi = W - kv′ Wf = Wo)I

using the detailed balancing.

P =

c2h3wf
do

(18)

4T侶可kv2dkv

=t is convenient to use the f1･ee-free absorption coefficient

TFF which is proportional to both the electrotn and ion

densities

TFF = NiNe PFF cm-1
′

and PFF
I

1S frequently calle,a the free-1ree c_r9SS ,苧eCtion….､

althoughこit
-h.as.the

di耶ension of (length.)-5. ヰ

(a) Hydrogenic transitions

Radia七土ve transitions in the field of a point nuclear

charge Z are called hydrogenic transitions.

The classical cross section for free-free absorption

-

10 -

(19)



was first glVen by Kramers.
●

FF 4TTh2e6z2
PR

如官 血ヲ/2c kv3一年e

2
=

-…- αr

3〆官

掘｢ h3c一
之 e

~37z号/串v3 (-ev)･巧圃cm,5
= 2.16 × 10

i'F';

--il二`i3
×

10-=z2入3(呈)/摘拝町 cm5, ･

(2･0_)

The cross section calculated by quantum theory can be written

in 七erms of 七he Gaunt factor as discussed in §1.

pFF= PKFF
･

gff(Wi, kv) I

The values of gff are the same as shown in Fig･4, but with a

change of the parameters Wo - kv + Wi, Where Wi is the incident

electron energy in the case of free-free absorption whereas

Wo is the incident electron energy in the case of bremsstrahlung･

(b) Relation to elastic scattering

For low energyl photons, the free-free absorption cross

section may be approximately expressed in temsL. Of elastic

scattering cross section. The cross section is given in the
●

one electron approximation by (e.g. Johnston 1967)

FF
2花Jh2e之摘妄昏P
3
m3′2･kv3c

Yd､'T''〉 ､両
e

Qd") +0 (B)2
■■l■

●■■

~2叫年前Qd(W)/kv3cm5
≧5.71xlO =

-

(21)

-･2･99･x 10~3緬言辞入3Qd(W)cm5 ,

where宙is the mean energy w

≡喜(wi
･ Wf) and Qd(W) is the

二==

momentum transfer cross section (in cm2). For non-hydrogenic

ion5' the cross sectiph can Pe written
r.by
(Dalgarno and Lane

- 1L -



1966)

pFF= o.909 xユ0
⊥2ヰWi-揮f

k3
yY'

1[TWw7Qd(Wi,･Qd(Wf,.
cm5.

ヽ､

(22)

地e dat争Of the momenttim transfer qross sections.Qd(W) will be

･comp皇Ied
in another sectio苧(Cross Section of Atomic Process

ヽ

Vol.3′ 1978).

エエ. Åbsorp七ion coefficient

Free-Fre占absorption coefficientリis connected with

the free-free emission rate P(eq. (12)) by Rirchhoff-s law

P
- =

tlB ,
4Tr

where ら is the Plan.ck function
.
t

■

(23)

B
k
v

-諾【exp境,
-1･-ユdkv

- 3.14 ×

1022kv3[ex,'藷'-
1]-1erg'cm2･sec･sr･keV'-1

e

(24)

B入-塾生【exp (品｣ -1】~1
d入

入5 e

≡ 1.19 × 1027入~5【exp(
12400

入･k℡
e

) -

1]-1erg(cm2･sec･sr･Å)~1

u can be obtained from eq.(12) and eq. (23) for a Maxwellian
j

electron gas, with a te聯rature averaged Gaunt fa,ctor gff,

リ= l･27 × 10一埠9入3脚e)-ユ/2(1-e-

12400

^･kT

k

2･42 ×

10-37kJ3(kTe)~1/2(l=-e:玩

)
z孟ffNeNi壱ffCm-

1

ー~~■■■■_=

)
z孟ffNeNigffCm

For low frequencies (kv << kTe)

v去･む･5-8 ×-

10一叫5入之l･(kTeL)T3/2z呈ii甲㌔igffr･√1

一Ii2j
-

(25)

(26)I



- 2.42 ×

10~主7kv2(甲e)~3/2z孟ffNeNi壱ff
Cm~1 ･

The values of gff are the same as those in Fig･5 and in

-T畠ble
= of §1. So-metime-s the ･free-free absorption coefficient

土s expressed as

a=p/NiPe (cm4/dyne) ′

where P = N kT
e e e

(dyne cm-2) is the electrorl Pressure.

(27)

Peach (1967) calculated the free-free absorption

coefficients for non-hydrogenic ions of =-+I He+I He++r Li+r

c+I N+( 0+∫ Na+1 Mg+I Hg++I A1+1 Si+I K+ and Ca++ for the

temperature range Te = 4000 ～ 130000Ⅹ′ and the results for

o+∫ A+l出g++ and Ca++ are shown in Fig･8･ Dalgarno and Lane

(1966) calculated for H, Her N, 0, Net H2, N2 and O2 by the

use of the momentum transfer cross sec七土on. Some of 七be

results ars shown in Fig･9, where the electron temperature is

63000R. De Vore A(1965) calculated u for N and N+ in the

wavelength range of 5
～ 5001ユ. The coefficient for atoms is

●

typically much smaller by several orders of magnitude than for

ions because of the short r.ange of the electron-atom interaction

relative to the Coulomb force.

-. 13 -
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Table･ = Ga品もfactor gff for bremsstrahlung
tl■■

kTe/Z2eff(eV)チf
一

u:kJkTe.
●-

,gff(u)

1.36～13.6

13.6～136

136～1360

1360～13600

く0.5

>0.ラ

<0.1

>0.1

<0.1

>0.1

allrange

1.12u-リ6

～1

-0.19
u

1.2u｢○.1

･′乃K.(昔)eu/2
u-o.3

･/GK.(昔)eu/2
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2 3 4 5 6 7 8 910 15

Fig. 1 Screening factor C (i) forthecaseof intermediate screening I (Eq･ (3I) asafunction

of書=100kl,/EoEZl/2. (from Bethe and Heitler, 1934)

I
¢1脚

¢2(E)
■■
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書

Fig･ 2
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Erratum,'The scale of the ordinate of Fig. 7 in IPPJ-AM･6 (1978) is in

error by fourth order. P一ease detach the figure from the enc一osed sheet

and paste itOnto OrginaI Fig. 7 in lPPJ-AM-6 (1978).


